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Abstract

This paper analyzes optimal fiscal, environmental and immigration policy for a single
jurisdiction. In the presence of immigration quotas, taxes on the output of externalitiy-
producing industries should be higher than indicated by the standard rule for Pigovian
corrective taxation. Immigration quotas are not optimal if fiscal instruments can be used
to control immigration, and relaxation of immigration quotas generally increases domestic
welfare. If optimal taxes are imposed on immigrants, no immigration quota should be
imposed, and a version of the traditional Pigovian rule characterizes optimal taxation of
domestic externalities. If production in the immigrants’ country of origin causes trans-
boundary spillovers, domestic welfare can be improved by lighter taxation of immigrants

or by further relaxation of immigration quotas.
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I. Introduction

The normative theory of public finance has typically been formulated for the case
of a closed economy. Theories of optimum taxation, public goods and externalities (see,
e.g., Sandmo (1975)) usually abstract from the international or interregional dimension
that such problems may have, or at least do not take explicit account of it. In this
paper we combine two extensions of standard public finance theory in order to provide a
perspective on some problems that are becoming of increasing concern to policymakers.
One is the effect of tax and transfer policy on immigration and the issue of which level of
immigration is in the best interests of the host country or region. Another is the effect of
domestic policy on the quality of the environmental and other amenities in the presence
of trans-boundary externalities such as pollution. We shall argue that these problems are
related in an interesting way and that important new insights are gained by considering

them in a unified framework.

We assume that immigration comes about through a divergence between the “domes-
tic” and “foreign” levels of welfare, broadly defined to include not only gross earnings but
also taking into account taxes, transfers, environmental quality, and other amenities and

1A country with high income, low pollution levels, and other desirable fea-

disamenities.
tures will therefore be faced with a positive supply of immigrants, and if the immigrants
are admitted, one effect of this will be to depress domestic wages and increase profits. The
home country can attempt to control immigration either through quantitative restrictions
(quotas) or through tax and transfer policies, and we analyze the optimal levels of quo-
tas and taxes, respectively. Depending on the instruments available, these policies will
have effects on the distribution of income between domestic residents and immigrants,
and in formulating its redistribution policy the government must allow for the fact that

immigration changes the size of the tax base.

In the absence of environmental problems or other market failures, the question of an

optimal immigration policy would basically be a distributional issue, as discussed, e.g., in

! 'When the jurisdictions between which migration occurs are nations, it is natural
to use terms like “immigration,” “foreign,” etc. and we often use these terms for con-
creteness. However, as discussed further below, the issues under study also arise in the
context of internal migration, in which the jurisdictions in question would correspond to
state/provincial governments or local governments.



Wildasin (1994). However, there are two reasons why immigration may have an important
bearing on both the production and welfare costs of pollution and other amenities. If some
domestic industries (or the urban areas that agglomerate around them) generate pollution
and other negative externalities, increased employment will imply more pollution. One
instrument by which the domestic government may attempt to control these negative
externalities is through Pigovian taxes, by which production is shifted from polluting
to non-polluting industries. However, such a tax will reduce the demand for labor in
the externality-producing sector, affecting general labor market conditions. In particular,
policies that restrict output and employment may depress the equilibrium wage rate. This
will again have an effect on the supply of immigrants, so that there is indeed a connection

between these two areas of policy.

Moreover, this is not the whole story of the link between immigration and environ-
mental externalities. The effect of immigration on the immigrants’ country of origin is to
reduce labor supply there and to increase wages. This will reduce production in that coun-
try, including production in industries or urban areas that generate external effects. When
there are trans-boundary spillovers, this means that there could be an important offsetting
effect on the level of domestic (dis)amenities; although domestic generation of pollution or
other externalities would increase with immigration, there would also be reduced spillovers
from abroad. An interesting question is therefore whether or not domestic environmental
policy should be “stricter” in the presence of immigration and trans-boundary pollution
or other spillovers. We discuss this question with reference to the optimal Pigovian tax

under alternative assumptions about immigration and tax policy.

Throughout the paper, we consider optimal policies from the point of view of a do-
mestic jurisdiction which takes the policies of other governments as given and which rec-
ognizes that by attracting productive resources from abroad it can influence the level of
interjurisdictional spillovers. We deliberately refrain from taking a global welfare view of
migration, fiscal, and environmental policy. A natural consequence of this viewpoint is
that we identify social welfare with the utility of the domestic residents. Although not
strictly necessary — one could, e.g., imagine an immigration policy motivated by altruistic
attitudes towards the immigrants — this approach allows us to cut through some difficult
conceptual issues relating to the appropriate social welfare function for a country with
a variable population (see Mansoorian and Myers (1993) and references therein). It also

admits of an alternative interpretation of the model in terms of political economy: What






II. The Model

This section presents the simplest version of the model. As discussed at the end of
the section, many of the simplifying assumptions can be relaxed without substantively

changing the subsequent analysis and results.

The domestic economy contains two industries, each of which employs homogeneous
labor as the sole variable input in the production process. The production functions for

each industry are characterized by strictly decreasing returns to labor, and are given by

x1 = f(h1), fi(h1) > 0> f"(h1)
vy = g(h2), g'(h2) > 0> ¢"(h2).

For our purposes, these industries are differentiated by the fact that one of them, indus-
try 2, creates or is associated with environmental damage, congestion effects, or other
externalities, while industry 1 produces a standard private good. It will be convenient for
expository purposes to refer to the externality produced by industry 2 as “pollution” and
to think of it as something that is harmful to domestic residents. This is not a neces-
sary interpretation, however, and we will discuss other interpretations later. The level of

pollution caused by industry 2 is assumed to be proportional to industry output.

Both of the domestically-produced goods are traded at fixed prices on international
markets, so that the domestic economy is small and open in this respect. 2 Let good 1
be taken as numeraire, and let p; denote the relative price of good 2. Labor is assumed
to be freely mobile across sectors, earning a common wage of w in each industry. Firms
operate competitively both in output and input markets, choosing levels of employment
and output to maximize profits. The total profit of the firms in industry 1 is given by
71 = a1 — why = f(hy) —why. The firms in industry 2 are assumed to be subject to a
per-unit output tax at rate 7, so that their profits are equal to my = (py — 7)xy — why =

(p2 — 7)g(h2) — whs. Profit maximization implies that

fi(h) =w (1.1)

2 See Markusen (1975) for an early analysis of optimal tariff and tax policy for an
economy that experiences trans-boundary pollution and that is open but may not be
small. Markusen shows how standard optimal tariff arguments must be modified when
the trade policy of a large open economy has significant effects on the output of polluting
trading partners.



(p2 = 7)g'(h2) = w, (1.2)

from which we can derive the demand functions for labor in each industry, hq(w) and
ha(w, 7). Standard arguments show that 0h;/0w < 0 for both ¢, and that dhy/07 < 0.
Furthermore, On; /0w = —h; and Om2 /0T = —g.

We assume that there are n identical domestic consumers, with preferences represented
by a smooth utility function wu(cq,c2,y) defined over consumption (c¢1,¢z) of each of the
two commodities and the level of domestic pollution, denoted by y; we assume that u is
increasing and quasi-concave in (¢1,¢2), and decreasing in y. Each consumer is endowed
with one unit of labor, and earns gross wage income of w. Firms are assumed to be
owned entirely by domestic residents, so that each receives an equal per capita share of
the profits of the firms in each industry. > Each domestic resident also receives a net per
capita transfer of s,, which may in principle be either positive or negative. This variable
represents the net impact of government fiscal policies on the real income of domestic
households, including cash benefits such as social insurance payments, family allowances,
or unemployment insurance, net of taxes on consumption, earnings and other income.
It should also be interpreted to include the cash equivalents of any in-kind government

benefits or services, such as the value of education, health care, or transportation. *

Under these assumptions, the budget constraint facing each domestic household is

T
Cl+p202:w‘|‘g‘|’3n (2)

3 As discussed further below, the assumption of domestic ownership is equivalent to the
assumption of foreign ownership coupled with 100% profit taxation, with the proceeds of
the profits tax distributed to domestic residents on an equal per capita basis. Exclusively
domestic ownership of profits is one of several ways in which domestic residents differ
from immigrants in our model. It may be noted that certain global efficiency results can
be established in the special case where immigrants and domestic residents are identical

(Wellisch [1994, 1995]).

1 There is an approximation involved in this interpretation. Any public goods and
services which exhibit rivalness in consumption for which the cash-equivalent value of
benefits is equal to the cost of provision can be treated, for our purposes, as equivalent to
per-capita cash subsidies (or as negative taxes). Determining the cash equivalents of some
public goods and services may be difficult in practice because of heterogeneous valuations,
and if these goods are over- (or under-) provided, the value of their benefits will be less
(or greater) than their cost. Any public services for which these complications are not
quantitatively very important can be included within the framework of our model.



where we define 7 = 71 + 7. Consumers choose a consumption bundle (¢, ¢z) to maximize
utility subject to (2), taking all prices, policy instruments, and the level of pollution as
parametrically given. This yields the indirect utility function v(w + 7/n + s,,y), where
the dependence of v on p; has been suppressed for convenience. The first argument of
v is the net income of a representative domestic household, and the derivative of v with
respect to this argument, denoted by vy, is the marginal utility of income. The derivative
with respect to y, vy, is the marginal utility of pollution, u,, so that v, /vs is the marginal
rate of substitution between pollution and consumption of numeraire, i.e., —v, /vy > 0 is

the consumer’s marginal willingness to pay for pollution reduction.

The number of immigrants is denoted by m. Each immigrant is endowed with one
unit of labor, assumed to be perfectly substitutable for domestic labor. Since the analysis
focuses on the effect of immigration and fiscal policy on the welfare of domestic residents, it
is not necessary to specify the preferences of migrants in detail; it is sufficient to postulate
that the supply of immigrants is an increasing function of the net income that they receive
in the domestic country and a decreasing function of the level of pollution in the domestic
country. The precise form of this functional relationship is not critical to the analysis, and
it can thus accommodate such factors as attachment by immigrants to their home country
or the pecuniary costs of migration; it also reflects earnings (or labor market conditions in

general), pollution, and other quality-of-life determinants in the country of origin.

The gross wage of an immigrant is w; for simplicity, it is assumed that immigrants
have no ownership claims on the net incomes of domestic firms. Net income may differ from
gross earnings, w, by the amount of the net fiscal benefits that they receive in the domestic
country, denoted by s,,. This net fiscal benefit includes any subsidies that immigrants
receive less any taxes that they pay and should be interpreted to include as well the
monetized value of any in-kind benefits that they receive. The supply of immigrants to the
domestic country is given by pu(w + spm, y); letting subscripts denote partial derivatives, we

assume g7 > 0 > 1, where I denotes migrant net income.

The fiscal treatment of immigrants is a complicated matter, and the model allows
for different types of policy. At the normative level, there is disagreement as to whether
immigrants should be subject to identical fiscal treatment with domestic residents. At
the level of de jure political and legal constraints, countries are sometimes committed to

non-discriminatory fiscal treatment of immigrants, but at the level of practical policy, it



is sometimes possible to practice de facto discrimination, even while meeting the require-
ments of de jure uniformity. For example, immigrants may be eligible for, but uninformed
about, certain types of health care, family allowances, unemployment benefits, or other
social benefits, and government bureaus may or may not devote much effort to informa-
tion and outreach programs that would effectively extend these services to the immigrant
population. On the other hand, it is sometimes impossible to exclude immigrants from
enjoying certain public services, even if that were considered desirable. Fire and police
protection, public health measures, many types of transportation improvements, and poli-
cies that raise the supply and depress the domestic prices of health services and products,
food, housing, and other goods benefit all members of relevant consuming groups on a
non-exclusive basis. In view of these complexities, it is of interest to allow for different
possible assumptions about the fiscal treatment of immigrants. Considering restrictions on
the government’s choice of s, relative to s, reveals the consequences of fiscal uniformity

or discrimination in the treatment of immigrants.

The actual number of immigrants cannot exceed the supply of immigrants, and if
there are no (enforced) immigration quotas, the number of immigrants m is equal to the
supply u(-). However, the home country may impose an immigration quota of m, in which

case the number of immigrants is given by
m = minda(w + smy), ) (3)

where the case of no immigration quota corresponds to a level of m sufficiently high that

the “quota” m is never binding.

The total level of domestic pollution y is partly the result of home production in
industry 2 and partly the result of production abroad, due to trans-boundary pollution.
As noted above, the level of domestically-produced pollution is proportional to the output
of industry 2, with a factor of proportionality denoted by «. The level of trans-boundary
pollution presumably depends on climate patterns and other geographical features. It also
depends, of course, on the level of pollution-generating activities abroad. Immigration
transfers productive resources from the foreign to the domestic economy, and would in
general tend to decrease the level of pollution generated abroad. The exact nature of
the connection between migration and foreign-source pollution presumably depends on
the effect of migration on the mix of industrial output and employment abroad, on the

regional structure of foreign economic activity, and a host of other factors. For present
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purposes, however, it is sufficient to assume that the level of trans-boundary pollution is
a decreasing function of the level of immigration, ¢(m); the size of the derivative ¢'(m)
reflects the combined effect of migration on the level of foreign polluting activities and the
transmission of this pollution to the domestic economy through the operation of ecological
mechanisms. Thus, the total level of pollution to which domestic residents are exposed is
given by

y = axy + é(m). (4)

The total domestic labor supply is given by n 4+ m. We assume that the wage rate is
flexible, so that there is no unemployment. The market-clearing wage is thus determined

by the labor market equilibrium condition
hi(w) + hao(w,7) =n + m. (5)

In the case where immigration is limited by a binding quota, w is determined as a function
of T and m after substituting from (3) into (5). When there is no (binding) quota, equations
(3), (4) and (5) simultaneously determine m,w, and y as functions of 7 and s,,. Note
that s, does not affect the equilibrium value of w in either case, since it is a lump-sum
distribution to the exogenously-fixed population of domestic workers and thus has no effect

on labor supply.

The government budget constraint completes the specification of the model. In ad-
dition to the taxes and transfers already mentioned, we allow for the possibility that the
government may have some other exogenously-fixed expenditure requirement (for example,
for the provision of Samuelson-type public goods) in the amount z (denominated in units

of numeraire), so that the government budget constraint is
nsy, +msy, + 2z = 729, (6)

As a check on the consistency of the model, it is worth noting that the domestic economy’s
trade balance condition can be derived directly from the budget constraints of consumers
and of the government. This is a straightforward consequence of Walras’” Law in this

model. ?

The analysis to follow focuses on the determination of government policy in the pres-

ence of migration. Note, however, that the model can be specialized to include the case

® To see this, let (¢}, ch) and (c]", ci"), respectively, denote the consumption bundles of
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where no migration is possible. Formally, this merely amounts to setting m = 0. In this
case, the only way in which government policy can influence the level of pollution y is
through its effects on the outputs of the polluting and non-polluting sectors. One can
then show that the optimal policy is a standard Pigovian corrective tax on the output of
industry 2, namely,
v

T = —nﬁa. (7)

Rather than establish this result formally here, we note that it appears later as a special

case of the more general analysis of the model when migration is possible.

Generalizations. The foregoing model can be generalized in several important respects
without changing any of the analysis or results that follow. Given that outputs are traded
at fixed world prices, the restriction to two production sectors is obviously inessential.
Slightly less obviously, the model can accommodate any number of perfectly mobile fac-
tors of production without changing the results. To illustrate, suppose that the domestic
industries employ capital in addition to labor, and that capital is internationally mobile
and can be obtained on the international capital market at an exogenously-given net rate of
return r. Let k; denote the amount of capital employed in industry ¢. Then profits in each
industry are given by my = f(hq, k1) — why — rky and w2 = (ps — 7)g(ha, k2) — why — rks.
Profit-maximizing employment of labor still requires that first-order conditions like (1)
be satisfied, and analogous conditions must hold for profit-maximizing choice of capital
inputs as well. As long as capital and any other perfectly mobile factors of production are
not subject to taxation, they can be incorporated with no change at all in the following
analysis and results. This means in particular that we can allow for an ideal corporation
income tax; as is well known, such a tax does not distort capital investment or other in-

put decisions (Stiglitz [1976]) and its burden falls entirely on pure profits. As long as the

native and immigrant households. The budget constraint of an immigrant worker is
'+ pacy = w A+ Sy

It follows from this condition, from the budget constraint of the domestic residents (2),
from the definition of the profits 7y and 73 of the domestic firms, and from the government
budget constraint (6) that

(nel + mel" + z — x1) + pa(ney + mey' —a2) =0,

i.e., net imports of good 1 plus net imports of good 2 must sum to zero.



proceeds of any taxes on pure profits are distributed to domestic residents on an equal per
capita basis, the fact that domestic residents receive some portion of profits as owners of
domestic firms and the remainder as the fiscal beneficiaries of the profits tax is immate-
rial. © Though formally trivial, this extension does allow us to incorporate the case where

profits are earned by foreign-owned firms, if those profits are taxed at a 100% rate.

In practice, the corporation income tax and other business taxes are not taxes on
pure profits and they distort investment decisions, as suggested by numerous studies of the
effect rate of taxation on capital (see, e.g., King and Fullerton [1983]). In our context, an
extension of the analysis to include not merely mobile capital but distortionary taxation
of such capital would add interesting new questions. For example, if (in the spirit of
Harberger [1962]) sector 1 is the non-corporate sector and sector 2 is the corporate sector,
a distortionary corporation income tax could affect domestic environmental quality through
its differential impact on investment, employment, and output in each sector. The analysis
of such a model goes beyond the scope of the present analysis. However, the large body or
previous research on the effects of corporate and other business taxation on the sectoral
composition of investment should facilitate the study of the environmental consequences

of these taxes, a type of exercise which has never been undertaken, to our knowledge. 7

Finally, it is worth observing that consumer prices in this model are taken as exoge-
nously fixed, while the factor incomes that households receive are endogenously-determined
and dependent on government policy. In this respect, the model reverses assumptions that

are commonly imposed in models of optimal taxation.
ITI. Optimal Policy with Immigration Quotas

For many countries, quotas are a principal means by which immigration flows are

controlled. This section examines the optimal use of an immigration quota together with

¢ Formally, a profits tax imposed at rates #; on each of the two industries can be
incorporated into the model by adding ). 6;7; to the right-hand-side of the government
budget constraint (6), replacing 7/n by > .(1 — 6;)7; in the household budget constraint

(2), and then recognizing that this collapses to the previous version of the model through
adjustment of the value of s, in both (6) and (2).

" Oates and Schwab (1988) discuss the role of local capital taxes, as well as regulation,

in a model with pollution. They focus on a one-sector model in which a uniform tax on
capital can serve as an indirect tax on pollution.

10



the tax and transfer system to maximize the welfare of domestic residents. In order for
a migration quota to be effective, it must be the case that p(w + sp,) > m. Whether or
not this constraint is binding depends in turn on government fiscal policy; in particular,
for given values of other variables, it would always be possible to choose a value for s,
sufficiently low that the quota would not be binding. Whether the quota is binding also
depends on the level of the quota itself; no matter how high the real income attainable
by immigrants, there is a quota sufficiently large that it would exceed the supply of im-
migrants and thus would be non-binding. However, our interest at first is to understand
the role of the immigration quota per se, since we observe such quotas in practice. We
therefore begin by assuming that the government is unable to impose a tax (or subsidy)
specifically targeted on immigrants, so that s,, = 0. This leaves s, and 7 as the only
fiscal instruments at the government’s disposal. Finally, it is assumed that m is initially
set at a level sufficiently small that the immigration quota is binding. This specification
permits the most straightforward analysis of the combined use of immigration controls and
corrective taxes on polluting industries. After investigating this simple case, we consider
the implications of alternative assumptions concerning the fiscal instruments available to

the government.

The welfare evaluation of government policy must take into account the general equi-
librium effects of both taxes and quotas policy on the economy. These general equilibrium
effects can be analyzed by substituting m = m into the labor market equilibrium condi-
tion (5) and then solving implicitly for the equilibrium wage w as a function of the policy

instruments m and 7. Define

oh oh
H = _1 + _2

ow  OJw
for the sake of notational convenience. From the concavity of the production functions
it follows that H < 0; this is also the condition for stability in the labor market. The

derivatives of the implicit function w(m, 7) satisfy

Jw 1
8w 8h2 1

or 87’H<'



Furthermore, by repeated substitutions, (4) becomes

y = ag(hzlw,7]) + 6(m)

= ag(ha[w(m,7),7]) + ¢(1m),

which can be differentiated to yield

8y . ,8h2 1 Iy

an = e T 51
8y . ,8h2 8h1 1

5 " pwm < (9:2)

These results are readily interpreted. First, (8.1) shows that an increase in the immi-
gration quota depresses the wage, which of course is due to the fact that immigrants add
to the labor supply. Next, (8.2) shows that an increase in 7 also depresses the equilibrium
wage. It does so by depressing the demand for labor in industry 2, causing output and
employment in that industry to shrink and thus releasing labor which is absorbed into in-
dustry 1 but which, in the process, lowers productivity and the wage rate. Changes in the
immigration quota and output tax in the polluting industry also change the equilibrium
level of pollution. An increase in the immigration quota has an ambiguous effect on the
level of pollution. As shown in the first terms on the right-hand side of (9.1), an increase
in m expands the amount of pollution originating from the domestic polluting industry by
lowering the equilibrium wage and thus causing employment and output in that industry
to rise. However, an increase in m also reduces the amount of trans-boundary pollution.
The net impact on domestic pollution is therefore uncertain. Note that in the special case
where there are no trans-boundary pollution effects (¢’ = 0), an increase in m definitely
causes an increase in y. Finally, an increase in 7 leads unambiguously to a reduction in
pollution. As 7 rises, employment and output in industry 2 decline and labor is reallocated

to the non- polluting industry 1, causing the level of pollution to fall.

The welfare evaluation of policy is more transparent in this model if we proceed by
stages. First, suppose that the government chooses its fiscal policy instruments (s,,7) for
some arbitrarily-given initial level of immigration. This yields an optimal pollution tax
conditional on the level of immigration. Once the rule for the optimal pollution tax is

derived, we proceed to the welfare evaluation of immigration policy.
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Suppose, then, that the government solves the problem
e
marcs, > no(w + - + Sn,Y) (P)

subject to (6), remembering that s, = 0 in the present case and taking m as exogenously
given. Forming the Lagrangian £ = nv + A(tx2 — ns, — z), the first-order conditions for

this optimization problem are:

Osy,
oL 10r| 0w 10n Jy ydha\

The first of these conditions implies that
vy = A, (11)

that is, the marginal utility of income for the domestic households is equal to the shadow
value of government revenue. This condition follows because the instrument s, allows the
government to move resources between the public and the private sectors in a lump-sum

fashion.

Using (11) and the fact that 07 /0w = —(hy + hy) = —(n + m) and Or /01 = —g¢, the

first-order condition for 7 can be written as

Wiy b ow
nv18T+Tg dr mar =0 (12)

The first term in (12) is the (negative) shadow value, to domestic residents, of the
additional pollution induced by a change in the pollution tax. The second term is the fiscal
effect of the change in output of the polluting industry arising from a marginal change in
policy. The first two terms taken together thus represent the portion of the marginal social
cost of pollution caused by a policy change that is not internalized by the pollution tax.
The third term explicitly involves the fact that the economy is open to immigration. It
represents the loss of wage income to immigrants resulting from an incremental increase in
the pollution tax. This loss to the immigrants is a gain to domestic residents. Although

a lower wage rate reduces the earnings of domestic residents as well as that of immigrants

13



(for a loss of domestic real income of ndw/J7), it raises the profitability of domestic
firms by a larger amount by reducing the wage bill for the entire work force (namely,
(07 /0w)(Ow/OT) = (n + m)0w/OT). Since the profits of domestic firms are assumed to
accrue to domestic owners, the net effect is to raise the real incomes of domestic residents.
Note that this third factor does not appear in the special case where no migration is

possible, since then m = 0.

To derive more detailed implications from (12), substitute from (8.2) and (9.2) to

obtain

N vy g'0hy /0w
> —nv—ya if m>0. (7
vy

When the domestic economy is closed to immigration (m = 0), (7') reduces to the standard
Pigovian tax rule (7), which therefore emerges as a special case of our results. More
generally, however, the optimal pollution tax in the presence of a binding immigration
quota exceeds that which would internalize the marginal cost of pollution to domestic
residents. As observed above, the reason behind this result is that the pollution tax
depresses the domestic wage which effectively redistributes income in favor of domestic
residents at the expense of immigrants. Note that the impact of pollution on the welfare
of immigrants does not enter into (7). As will be made clear in the next section, this

result changes when there are no (binding) immigration quotas.

Now suppose that the government sets 7 to satisfy (7'), and consider the effect on
domestic welfare of a small change in the immigration quota m. In general, a change in
the level of immigration will change domestic employment and output in both industries as
well as the level of government tax revenues. However, the government budget constraint
(6) should continue to be satisfied, which means that at least one fiscal variable (i.e.,
either s, or 7) should adjust endogenously. To analyze the welfare effect of a change in m,
therefore, one could totally differentiate domestic welfare nv and the government budget
constraint (6) and use the results to solve for the desired result. More simply, one can
exploit the fact that the government is assumed to have optimized its fiscal instruments,
so that it makes no difference, at the margin, how these instruments adjust to satisfy (6).

The effect of a change in the immigration quota on domestic welfare can then simply be

14



calculated by differentiating the Lagrangian £ with respect to m to obtain

9L oy (14 29T 00y, DYy g
om ! n dw ) Om ”vya* S am

Making substitutions from (8) and (9) and using (11), the change in domestic welfare with

respect to m, expressed in real income terms, can be written

n dv Vy ,0hy 1 vy 7
a%—@vﬂ“) ol o

_ m Uy

=~ 0 Jow +n—¢ >0 (13)

where the second equality uses (7). The sign in (13) holds as long as m > 0; it holds
if there is no trans-boundary pollution (which implies that ¢' = 0) and, a fortiori, it
still holds when trans-boundary pollution is present (so that ¢’ < 0). Thus, provided
that pollution taxes are set optimally, an incremental relaxation of the immigration quota
always increases domestic welfare. Of course, 1t goes without saying that incremental
relaxation of the immigration quota also raises the welfare of immigrants, by revealed

preference.

What is the intuition behind this conclusion? Essentially, the result is a slightly mod-
ified version of a familiar finding from international economics. When a country imposes
a quota on an imported good or factor, and when that commodity is not subject to any
special taxes, so that the foreign suppliers (the immigrants, in the present case) are able
to sell the commodity at the prevailing domestic price, a marginal relaxation of the quota
must benefit domestic residents, assuming of course that domestic markets are competitive
and that there are no other distortions in the domestic economy. Here, the same holds true,
except for the fact that there may be pollution and the government has interfered with the
operation of competitive markets by imposing a tax on the polluting industry. However,
given that the pollution tax has been optimized, the general equilibrium welfare effects of
immigration that operate through the polluting sector of the economy do not overturn the
traditional result from first-best analysis. To the extent that immigration can reduce the
extent of trans-boundary pollution, the case for a higher level of immigration is even more

favorable.

This strong conclusion is potentially important for policy. Suppose that one expects

increases in immigration to increase employment and output in polluting industries. One
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might imagine that this provides an argument for restricting the level of immigration so as
to limit the amount of damage to the domestic environment. Although this might be a valid
argument when domestic environmental policy is too weak, so that there is excess output
from polluting industries, the argument is definitely not valid when domestic environmental

policy is optimally set.

If increases in immigration are welfare-enhancing, what is the optimal immigration
policy? Evidently, it is to remove the immigration quota entirely. In a more realistic
and complex model, the desirability of immigration may be limited by uninternalized
externalities of various sorts, including possibly fiscal externalities associated with the
provision of unpriced or under-priced public services to immigrants. These are important
considerations, and the fiscal treatment of immigrants is discussed further below. For the
moment, however, let us simply note that (13) provides a rationale, at least within the
context of the present model, for analyzing optimal policy in the absence of immigration

quotas, which is the topic of Section IV.
Immigrant Taxes vs. Immigrant Quotas

The optimal tax analysis so far has relied on the assumption that the government can
make lump-sum transfers to (or impose lump-sum taxes on) domestic residents in choosing
Spn, but that immigrants neither contribute to nor benefit from the domestic fiscal system.
Consider instead the case where the government can make a per capita transfer s, to each
immigrant. We must allow specifically for the possibility that s, may be negative, that
is, that the government imposes a tax on immigrants. In doing so, however, one must also
recognize that the level of s, may determine whether or not an immigration quota m is
actually binding; in fact, by choosing a value of s, sufficiently small (large negative), the
government could insure that the number of immigrants seeking admission to the country
(p(w + $m,y)) is less than any specified quota level m. If, on the other hand, the level of
w + S, 1s sufficiently high and m is sufficiently small that the quota is binding, a small
change in s, has no effect at all on the level of immigration. In this case, what is the

effect of a small change in s,, on domestic welfare?

To address this question, one can again proceed by stages, considering first how to set
fiscal variables optimally for any arbitrarily-given immigration quota, and then going on

to examine the effect of an incremental change in the quota itself. Formally, this involves
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merely adding one more fiscal instrument to the problem (P). The Lagrangian for the new
problem is £ = nv + A(tax2 — ns, — msy, — z). Differentiating £ with respect to s,, shows
that

oL
. = —A\m. (14)

Since the first-order condition for s,, implies that A = vy, this expression is always negative,
that is, in the presence of a binding immigration quota, domestic welfare can always be
increased by lowering the transfer that the immigrants receive, or by raising the taxes
that they pay. Of course, raising the taxes paid by immigrants eventually reduces the real
income that they receive sufficiently that the supply of immigrants no longer exceeds the
immigration quota. Thus, a further implication of (14) is that if it is possible to subject
immigrants to fiscal treatment different from that of domestic residents, it is never optimal

to impose a binding immigration quota.

The intuition for this result is apparent. An immigration quota makes it possible
to limit the level of immigration to some desired level. However, any target level of
immigration that can be achieved by a quota can also be achieved by imposing a sufficiently
high tax on immigrants. The only difference between these two policies is that in the
latter case, immigrants must pay domestic taxes, which can only make domestic residents
better off. This result parallels the classical conclusion about the welfare comparison of
tariffs and quotas in international trade. The level of trade established under a regime
of trade quotas can always be replicated (when industries are competitive) through an
appropriately-chosen system of tariffs. The immigrant transfer s,, in our model plays a
role analogous to that of a tariff. Like the tariff, the immigrant transfer can be used
to capture quota rents that would otherwise accrue to foreigners, and in this respect it
dominates the quota in terms of its impact on domestic welfare. When the immigrant
transfer is chosen optimally, the immigrant quota becomes a redundant instrument. Like
our previous finding that incremental relaxation of immigration quotas always improves
domestic welfare, this result suggests the importance of analyzing optimal policy in the

absence of immigration quotas, a problem to which we now turn.
IV. Pollution Policy with Optimal Immigration Taxes

As just observed, if the government can apply its fiscal instruments to native residents
and immigrants in a discriminatory way, immigration quotas are unnecessary because fiscal

instruments dominate quotas from the viewpoint of domestic welfare. This section analyzes
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As expected, an increase in subsidies to migrants depresses the equilibrium wage, as shown
in (18.1). A higher tax on pollution also depresses the wage ((18.2); ¢f. (8.2)). A larger
transfer to immigrants increases domestic pollution but this effect could in principle be
offset by a sufficiently large reduction in trans-boundary pollution, so that (18.3) is the-
oretically ambiguous in sign. A higher pollution tax reduces domestic pollution; it also
discourages immigration and thus increases trans-boundary pollution. Its impact on the
domestic environment is therefore ambiguous. If trans-boundary pollution effects are small,

however, Qy /s, > 0> Jy/0T.

The government optimization problem, as before, is to maximize domestic welfare
subject to the budget constraint (6). The Lagrangian for this problem is £ = nv(w + s, +
7/n,y) + AM7g — spn — smm — z). The first-order condition for s, again yields (11); in

addition, we have
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These expressions simplify somewhat using (11). One can solve (19.1) for s, and
then substitute into (19.2). Substitution from the comparative-statics results in (18) and

substantial algebraic manipulation (see Appendix) establishes that

(nv—y—l—mﬁ>0z—|—7':0. (7"
o7 [
Using this result in (19.1) and further substitutions show in addition that
—Sm + (nv—y + m&> ¢ = =, (20)
o7 [ [



Although (7") and (20) must hold simultaneously, it is helpful to think of (7") as the
policy rule for determining the optimal pollution tax and to think of (20) as the rule for

the optimal fiscal treatment of immigrants.

Condition (7") is very similar to the standard Pigovian formula for a corrective pol-
lution tax, (7). The difference between the two is that (7") includes also the marginal

? TIndeed, one might simply view (7") as the

cost of pollution to immigrants, my, /pr.
extension of the first-best Pigovian rule to allow for the effects of environmental quality on
immigrant welfare. While reasonable, the result is still surprising in at least two respects.
First, optimal policy in our model is designated to maximize the welfare of domestic resi-
dents only; the welfare of immigrants per se has been explicitly excluded from the objective
function of policymakers. Why should optimal policy reflect the preferences of “outsiders”
whose welfare is a matter of indifference to policymakers? Second, although the valuation
of the environment by immigrants enters into the formula for the optimal pollution tax
(7"), it does not enter into the optimal tax rule (7') for the case considered in Section III
where the government uses immigration quotas, even though we have made no change in
our assumptions about the evaluation of the environment by immigrants. If immigrant
valuations of pollution enter into the optimal pollution tax rule in one case, why not in
the other?

The answers to these questions are related to the optimal taxation of immigrants. The
first term on the left-hand side of (20), —s,,, is the direct fiscal contribution of an additional
immigrant. The second term on the left-hand side of (20) is the benefit to both domestic
residents and to the immigrant population of the reduction in trans-boundary pollution
that results from one additional immigrant. The term /,Lj_l on the right-hand side of (20)
is the derivative of the inverse supply function of immigrant labor, that is, the increase in
the domestic wage that must occur in order to attract one additional immigrant. Adding
an additional immigrant requires an increase in the earnings of all workers, and this entails

a net loss of real income to the domestic population equal to the size of the immigrant

? Totally differentiating u(I,y) = constant shows that dI/dy = —pu, /pr is the change in
income that would keep the level of immigration fixed in the face of an incremental increase
in y, that is, it is the marginal cost to each immigrant of incremental environmental
damage. (This type of relationship underlies empirical studies that estimate the values
of environmental and other (dis)amenities using hedonic wage/compensating differential
methods; see, e.g., Rosen [1986] for discussion and references to the literature.)
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population, m, times the change in the domestic wage. Thus, the term on the right-hand
side of (20) is the cost to domestic residents resulting from a one-unit increase in the level
of immigration. Hence, (20) implies that the fiscal and trans-boundary pollution benefits
of an additional immigrant should be equated to the loss of real income resulting from the
more favorable terms that must be offered if one additional immigrant is to be attracted

to the domestic economy from abroad.

The interpretation of (20) is particularly transparent when there is no trans-boundary
pollution. In this case, letting w,, = w + s,, denote the net income of an immigrant and

letting €5 = wp pr/m denote the elasticity of the immigrant supply curve, (20) reduces to
_Sm _ 2 (21)

that is to say, the proportional rate of taxation on immigrant income should be equal to
the inverse of the elasticity of immigrant supply. This result is familiar from international
trade theory: it is simply the rule for the optimal “tariff” — in this case, the optimal
immigrant tax — for a country that is open but not small with respect to external markets.
(If the elasticity of supply is very large, as would be true if the country is relatively small
in the international market for immigrant labor, the optimal tax on immigrant’s income is
small; in fact, it approaches zero as the supply becomes infinitely elastic. In this “small,
open” case, the best domestic policy is simply to allow immigrants to enter freely, until

the domestic wage is reduced to that abroad.)

The reason why the preferences of immigrants for environmental quality enter into
condition (7'") for optimal pollution policy is now apparent. In a regime of optimal fiscal
treatment of immigrants, immigrant labor is a source of rents to the domestic economy;
loosely speaking, the greater the supply of immigrant labor, the greater the opportunity
to capture rents from immigrants through the use of fiscal instruments. Domestic policy
makers do not care about the welfare of immigrants per se, but they do care about the
supply of immigrants, which affects the domestic labor market and the domestic fiscal
system. They should therefore take the preferences of immigrants into account, even
if they do not take their welfare into account. These considerations do not apply in
the case of binding immigrant quotas, which imply an excess supply of immigrants at
the prevailing net wage. In this case, any benefits to immigrants from improvements in

domestic environmental quality only increase the quota rents that accrue to immigrants,
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which does not enhance domestic welfare. Hence the optimal pollution tax rule in the

quota case, (7'), ignores the effect of pollution on immigrants.

It is interesting to observe that while immigration tolls are often regarded as onerous
impositions on immigrants, they do create an incentive for the domestic country to be
responsive to immigrant preferences in a way that is absent when immigration is quota-
constrained. There is a parallel here with the literature of club theory and local public
goods, in which it is often assumed that local jurisdictions are like atomistic firms, facing
a perfectly elastic supply of potential residents at an exogenously determined level of
utility (localities are “utility-takers”). In such circumstances, the motivation of localities
to maximize land rents or some measure of club “profits” induces efficient provision of local

10 Tn the present analysis, the domestic

public goods as well as efficient local taxation.
country similarly has an incentive to follow an environmental policy that meets efficiency
criteria incorporating immigrant welfare, although the country is not atomistic and actually

faces an upward-sloping labor supply curve.
V. Extensions and Conclusions

The foregoing analysis has established conditions under which immigration and trans-
boundary spillovers can affect a country’s optimal pollution taxes, and it has examined
the optimal immigration policy in the presence of pollution. (We remind the reader that
“optimal” here means optimal from the viewpoint of a jurisdiction’s native residents.)
When an immigration quota is imposed, domestic welfare is maximized by ignoring the
effects of pollution on immigrant welfare; furthermore, pollution taxes will be set at levels
higher than suggested by standard first-best welfare criteria. However, immigration quotas
are generally inferior policy instruments when non-uniform fiscal treatment of native and
immigrant households is administratively and politically feasible. Provided that domestic
environmental policy is optimally structured, it is welfare-improving to eliminate quotas,
or to establish the fiscal treatment of immigrants in such a way as to render any quotas non-
binding. When a country does not impose immigration quotas, optimal fiscal treatment
of immigrants requires taking into account the effect of immigrants on trans-boundary
pollution and on the terms-of-trade with respect to the rest of the world. If these objectives

are pursued in an optimal fashion, domestic environmental policy may be set according to

10 See, e.g., Berglas and Pines (1981), Wildasin (1986, sec. 4.3) and references therein.
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standard Pigovian principles — including, now, the impact of pollution on immigrants as
well as domestic residents. In particular, even in the presence of trans-boundary pollution,
there is no rationale for relaxation of domestic pollution controls in order to promote

immigration and thus reduce the amount of pollution generated abroad.

As indicated briefly in the introduction, the preceding analysis lends itself to a variety
of interpretations. For instance, industry 1 could represent the agricultural sector of an
economy with industry 2 representing the urban sector. The assumption that labor is freely
mobile between industries then also means that there is free migration between rural and
urban areas. The “pollution” associated with industry 2 could be interpreted to include all
sorts of externalities associated with urbanization, including not only pollution itself but
also congestion, crime, or other urban disamenities; of course, some of these externalities
could also be positive rather than negative. In this context, the diminishing returns to
variable labor in each sector could reflect the fixity of land, private capital, and public
infrastructure that are specific to the rural and urban sectors of the economy, and the
“profits” accruing to firms in each industry would then be interpreted as consisting at
least in part of rents to these immobile inputs. The immobile inputs could also include
various types of immobile heterogeneous labor. For instance, mobile, variable labor might
represent unskilled labor and the immobile inputs could include skilled labor. As another

example, young workers might be mobile and old workers might be immobile.

In trade-theory terms, the immobile factors are industry-specific factors. As a varia-
tion on the model, we could follow the Heckscher-Ohlin-Samuelson tradition of assuming

! By the Rybezynski theorem, an increase in

that all factors are intersectorally mobile. *
immigration would then raise output of the labor-intensive sector and reduce that of the
capital intensive sector. If the labor-intensive sector were non-polluting, domestic pollution
would fall as immigration increases. This cannot happen in the present model as output of
both industries necessarily increases as the domestic labor force expands. An exploration
of the implications of such Rybczynski effects goes beyond the scope of the present paper
but they present interesting questions for future research on regional development and

environmental impact.

It is perhaps unconventional to link international migration, environmental issues,

11 This idea was suggested by Sgren Bo Nielsen and Lars Sgrgard.
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and tax and transfer policy as we have done here. We nevertheless believe that it is
appropriate and useful to do so, both from a normative and from a predictive viewpoint,
because public policies in these areas all affect wages, employment, and the distribution
of income in important ways. The impacts of migration on labor markets, on the fiscal
system, on public goods and service utilization, and on local amenities and environmental
quality (including a wide array of “neighborhood” effects) often dominate public debates
about migration policy. The effects of taxes and public spending on economic development,
growth, and the distribution of income, including the extent to which public programs
confer net benefits on migrants, are crucial considerations in fiscal policy debates. And,
finally, environmental policy debates often revolve around the effects of environmental
taxes, fines, and regulations on economic development, employment, wages, land values,
and profits. It is thus apparent that migration, environmental, and fiscal policies are closely

12 Tt should of course be

interrelated in their consequences, if not in their formulation.
borne in mind that international migration and environmental quality are rather sluggish
variables in comparison to international flows of some goods and services or financial
capital, and the long-run consequences of economic policies are sometimes neglected in
popular debates. To interpret our analysis appropriately in the context of international
migration issues, it is important to keep in mind that the time-frame of the analysis is

likley to be rather long. '3

Another aspect of our analysis that is unconventional is the explicit linkage between
trans-boundary pollution and migration. Our results do not require the existence of trans-
boundary pollution but merely allow for it. However, we do believe that trans-boundary

pollution can indeed be an empirically-relevant phenomenon and one that can usefully

12 Recent discussions in the literature — see, for instance, Bovenberg and Cnossen (1995),
Goulder (1995), and the references therein — have emphasized the connections between envi-
ronmental and other aspects of fiscal policy, including, importantly, the use of distortionary
taxes on labor. Whereas many analyses of labor taxation emphasize the labor /leisure mar-
gin of household adjustment to fiscal policy but abstract from the migration margin, our
analysis does the opposite; the spirit of the analysis is nevertheless rather similar. Nielsen
et al. (1995) draw attention to the interconnections between environmental policy and
labor markets in a model with unemployment; Rauscher (1995) examines the potential
effects of environmental policies on the location of industrial activity.

13 Indeed, many analyses of environmental quality and resource exhaustion, especially
those that bear on Neo-Malthusian controversies, have traditionally emphasized long-run
demographic factors, and our emphasis on long-run considerations in the international
migration context is consistent with that tradition.
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be related to migration. Consider, for example, the data reported by Newbery (1990,
p. 303) regarding sulfur emissions and depositions in Europe. '* These data show that
many countries are net importers or exporters of sulfur dioxide. In 1987, of the 307,000
tons of depositions in Scandinavia whose origin could be traced, only some 59,000 tons, or
19%, originated in the Scandinavian countries themselves. Nearly as much (16%) reached
Scandinavia from the (then) German Democratic Republic, 14% came from Poland, and
another 11% came from the (then) Soviet Union. Since much of the intra-Scandinavian SO,
must have flowed from one Scandinavian country to another, and since a disproportionate
share of the “undocumented” pollution (SO3 deposited in Scandinavia whose origin is
undetermined ) probably originates outside of the region, it is clear that a very large fraction

of sulfur pollution in Scandinavian countries originates outside of their borders.

Although we believe that the application of our model in the international context
is interesting and important, it can also shed light on the relationships between internal
migration and local fiscal and development policy within a given country. For instance,
consider a typical metropolitan area in the US, with a ring of suburbs surrounding a
central city. Suburban areas cannot control “immigration” from central cities directly,
but they can and do limit population growth through land-use controls that prevent the
development of open land or that restrict its development to low-density uses, such as

single-family houses. °

Many suburban residents commute to jobs in central cities and
go to city centers for shopping and entertainment, while others are employed in suburban
locations. Suburban commuters encounter traffic congestion both in the suburban areas
where they reside and in the cities where they work and shop. They also experience crime,
environmental pollution, and other disamenities in both their residential and employment
locations. The disamenities that suburban residents experience in cities are a form of

interjurisdictional spillover or “trans-boundary pollution.” 16

14 A number of authors (e.g., Maler (1991) and Burtraw (1993)) have studied the possi-
bilities for international environmental agreements to deal with trans-boundary pollution.
The buildup of greenhouse gases and the danger of global warming is perhaps the most
obvious example of a trans-boundary pollution problem.

15 See Hamilton (1975) and Mills and Oates (1975) for discussion of “fiscal zoning.”

Brueckner (1995) develops a model of land-use controls in a monocentric city model.

16 See Greene et al. (1977) for one attempt to quantify central city/suburban spillovers
in the Washington, DC metropolitan area.
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To apply the foregoing analysis in this context, think of the collection of suburban
localities in a metropolitan area as the “domestic country.” “Domestic pollution,” in the
form of suburban congestion and other externalities, is an increasing function of the sub-
urban population, thus of the level of migration from the central city. By reducing the
urban population, relocation of urban residents to the suburbs can be expected to reduce
the level of congestion and other disamenities experienced by suburban residents in the
central city, represented in our model by ¢(m). Suburban growth controls can be de-
scribed, in terms of our model, as immigration quotas. 17 If these controls are binding,
we can apply the analysis of Section III to show what land-use controls and other policies
are optimal from the viewpoint of suburban residents. An implication of that analysis,
however, is that land-use controls should not be binding if suburban communities can use
other instruments to impose desired fiscal burdens on new residents. Equal access to public
services and uniform taxation rules limit the possibilities for overt discrimination against
newcomers. However, developers of new property must often agree to provide infrastruc-
ture (roads, water, etc.) for new housing developments in order to obtain local government
approval for their projects (Henderson [1980]). This provides a policy margin for transfers
from developers to local governments and thus, indirectly, for differential fiscal treatment
of immigrants and existing local residents. In this case, the analysis and results of Section

IV is applicable.

One limitation of our analysis is that it provides only a passive role for the source
country from which immigrants and trans-boundary pollution emerge. An analysis of
the simultaneous determination of policy in both countries would clearly be valuable. A
natural approach to that problem would be to suppose that the countries play a Nash
non-cooperative game in their respective policy instruments, so that each, in equilibrium,
is acting optimally given the policies of the other. The present analysis could be viewed
as one step in this larger research program, since our analysis of optimal policy for the
domestic country can be regarded as the formulation of a best reply to the policies of
the other country, which have been taken as exogenously fixed throughout this paper. To
complete this program one would need to analyze the optimal policy (best reply) problem

of the source country and then combine the two best replies of each country to find the

1T A limit on the availability of suburban land for residential development is exactly
equivalent to an immigration quota in the special case where the per-household demand
for residential space is perfectly inelastic. More generally, land use controls approximate
immigration quotas in limiting population growth.

26



Nash equilibrium, a topic we leave for future study.

In conclusion, it may be helpful to put our analysis into a broader context. In Europe,
many of the industries of the former communist countries use obsolete and environmentally-
harmful technologies, and these industries produce large amounts of trans-boundary pollu-
tion. Many of these industries are not competitive even in the absence of effective environ-
mental control, so the imposition of environmental regulations or taxes would exacerbate
already severe employment problems for workers; indeed, concerns about worker incomes
present a substantial obstacle to economic restructuring in the transition economies, in-
cluding the reduction of output and employment in heavily polluting industries. Under
these conditions of slack labor markets, it is not surprising to find that many workers seek
to migrate to the countries of Western Europe. One of the probable benefits of greater
East-West migration is that more of the environmentally-costly plants in the East might
close. However, East-West migration can impose many burdens on the destination coun-
tries, and although these countries have in some cases absorbed significant numbers of
immigrants, they are reluctant to relax further their immigration quotas. At least in part,
there is concern that immigrants may impose fiscal burdens on host countries, as well as

affecting labor markets and real wages there. '8

Our analysis does not allow us to draw
conclusions about optimal policy in particular real-world cases. It does, however, sug-
gest that the desirability of immigration, from the viewpoint of the destination countries,
depends on the interaction between immigration and trans-boundary pollution, on the
one hand, and on the use of optimal tax/transfer policies with respect to the immigrant
population, on the other. Explicit analysis of the inter-relationships between these policy
questions can help to identify the real tradeoffs that societies face, and can contribute to

the formulation of more informed policies.

18 Many of these concerns arise also in the case of migration from Mexico (and elsewhere
in Latin America) to the US, as became apparent during the intense debate over the North
American Free Trade Agreement. Hufbauer and Schott (1992) discuss trans-boundary
pollution along the US-Mexico border. See Martin (1993) for a thorough discussion of
migration issues in relation to NAFTA. The potential conflict between (US) environmental
and immigration objectives has not been very well recognized in the NAFTA debate, but
the basic issues closely parallel those that arise in the European case.
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Appendix

This Appendix explains the derivation of equations (7"") and (20) in the text.

First, use (11) and divide through the first-order conditions for s, and 7 by vy,
eliminating A. Using (18.2) and (18.4) in (19.2) and multiplying through by A/(dhs/dT)

yields
,0hy

—m (ag'py — (1= ¢'p1y)) + 2 (ag e [avg” + ¢’]/u>
vy w
oh
—SmphT (aglﬂy —[1- ¢lﬂy]) — Smfly (O‘gl [a—wl - /“LI} - <bl/’”)
h
brg' (A4 fag'ny - (1= 6,152 ) =0 (A1)

Substituting for A from (16), the last term in (A.1) simplifies. Gathering terms in s,, and
cancelling, (A.1) yields

v oh
—m(ag'py —[1—¢'uy]) + nﬁ (ag’a—wl — [ag' + ¢’]w>

Oh Oh
—Sm (Myag’a—I: - /u> + g’ ([1 - ¢’My]a—w1 - /u> = 0. (4.2)
For notational simplicity, define
M = nv—y + m&
vy T,
We can then write (A.2) as
Oh
—(aM + T)g'/,q + (aM + 7= ma& — SmQfly — qﬁ'pyT) g'a—1
i w
— 1 (qu'—z—sm) = 0. (A.3)
HT

Next, substituting from (18.1) and (18.3) into (19.1), and multiplying through by
A/pur yields
A A oh
o) 2o
113, 133 Jw
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