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The "q " theory of investment, which re- 
lates investment to the ratio of market to 
replacement value of capital, has attracted 
considerable attention in a recent series of 
papers. For instance, a q variable has been 
used as an independent variable in empirical 
investment equations estimated by George 
von Furstenberg (1977), von Furstenberg et 
al. (1980), Burton Malkiel et al. (1979), and 
others. These papers, however, leave some- 
what unclear the theoretical rationale for 
using q as an investment determinant. This 
has motivated work by Hiroshi Yoshikawa 
(1980), Lawrence Summers (1981), Michael 
Salinger and Summers (1981), and Fumio 
Hayashi (1982), who show that under certain 
conditions the rate of investment of a share- 
value-maximizing firm is indeed a function 
of q. This is an important result because it 
shows that investment equations with q an 
independent variable are not ad hoc con- 
structions. Rather, they are grounded in a 
theory of the firm with an appealing behav- 
ioral hypothesis, viz, value maximization. 

An important assumption underlying this 
research is that capital can be treated as a 
homogeneous good. Of course, this is an 
extremely common assumption in the analy- 
sis of investment, and is not particularly 
more bothersome in the q theory context 
than elsewhere. Nonetheless, there are cer- 
tain situations where it may be desirable or 
even essential to be able to study investment 
disaggregated by type of capital good. Thus, 
the purpose of this paper is to examine 
whether and how the q theory can be ex- 
tended to this more general case.1 

Intuitively, one would expect some diffi- 
culty with the q theory in the many-capital- 
good context, as already noted by James 
Tobin and William Brainard (1977, p. 243) 
and by Salinger and Summers (p. 12). One 
way to see why is to recall the Tobin-Brainard 
distinction between "marginal" and "aver- 
age" q. As Hayashi writes, 

The "q " theory ... is not operational 
as long as q is not observable. Remem- 
ber that q, which we call marginal q, is 
the ratio of the market value of an 
additional unit of capital to its replace- 
ment cost. What we can observe is 
average q, namely the ratio of the 
market value of existing capital to its 
replacement cost. [p. 214] 

If we knew marginal q, then econo- 
metric implementation of the "q" the- 
ory would be quite straightforward. 
Unfortunately, however, marginal q is 
not directly observable. What we can 
(in principle) observe is average q.... 

*Associate Professor, Department of Economics, In- 
diana University, Bloomington, IN 47405. This note 
arose from discussions with participants in the Spring 
1982 Public Finance Seminar at Indiana University, for 
which I am grateful. Revisions were undertaken during 
my year at Queen's University. A referee also provided 
useful comments. 

'Two examples will illustrate the significance of the 
extension to the many-capital goods case (which Salinger 
and Summers identify as one of the "two most im- 

portant area[s] for further investigation," p. 47). First, 
relative price shocks or other changes in the economy 
may reduce the value of existing capital, may make new 
investments in some sectors of the economy unattrac- 
tive, and may make some new investments very attrac- 
tive, causing previously aligned marginal and average qs 
to diverge. The 1973 change in energy prices, cited by 
Salinger and Summers (p. 12), is the classic example. 
Numerous studies (see, for example, Martin Baily, 1981) 
suggest that this shock has effectively rendered a sub- 
stantial amount of existing capital obsolete, simulante- 
ously creating important incentives for new investment. 

Second, consider the new "15-5-3" tax rules for de- 
preciation of different categories of capital goods (cars 
and light trucks, other vehicles and equipment, struc- 
tures, etc.). Whether one is interested in the effects of 
this policy change on investment disaggregated by these 
categories or just the effect on aggregate investment, 
there is little reason to believe that this policy change is 
adequately described by a change in average q, or by 
any other single variable. Note that the inadequacy of a 
single capital good model in this case is inherent in the 
complexity of the policy change one wishes to analyze. 
Short of ignoring the policy question itself, there is no 
way to finesse this difficulty by assuming a single capital 
good. 
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[P]eople are busying themselves regress- 
ing investment on average q. Re- 
searchers should feel uneasy about 
doing this, unless they are sure that 
average q and marginal q are practi- 
cally the same thing. The ... [main theo- 
rem for the case of a competitive firm] 
states that marginal q and average q are 
essentially the same.... [p. 218] 

In other words, marginal q is the fundamen- 
tal determinant of investment because it 
shows how much increase in market value 
accompanies a dollar's worth of investment, 
while the actual stock market value of the 
firm reflects the profitability of existing total 
capital. Hayashi's main contribution is to 
establish the connection between the two. 
But with many capital goods, can a similar 
link be forged? A seemingly likely difficulty 
is that at any particular moment, a firm that 
employs a variety of capital goods will find 
that some kinds of investments may be highly 
attractive, others less so, and still others may 
be not worth undertaking at all. If so, there 
will be a variety of marginal qs, one for each 
capital good. Obviously, they cannot all be 
equal to the same "observable" average q. 
The link between average q and the invest- 
ment-determining marginal qs may therefore 
be broken. 

To explore this intuition formally, Section 
I presents a model similar to those of 
Hayashi, Summers, and Salinger-Summers, 
but which allows for an arbitrary number of 
capital goods. Section II briefly recapitulates 
the main q theory results for the special case 
of a single capital good. Section III turns to 
the main issues and, as expected, confirms 
the above intuition: in general, total invest- 
ment in many capital goods cannot be ex- 
pressed as a monotonic function of q. Neces- 
sary and sufficient conditions for this to be 
possible, involving mainly restrictions on ad- 
justment cost functions, are presented, as 
well as particular examples of such func- 
tions. 

Section III does not only contain this bad 
news, however. It also presents an important 
positive result. I derive a relationship be- 
tween q and the vector of investment in the 
various capital goods, which shows how q is 

uniquely a function of this vector through 
the structure of the adjustment cost func- 
tion(s). This means that regression equations 
with the q variable on the left-hand side and 
the vector of investment on the right-hand 
side can be used to estimate the underlying 
technology of investment as reflected in the 
parameters of the adjustment cost func- 
tion(s). Since the relationship between the 
vector of investment and q is many-to-one 
rather than one-to-one, it cannot generally 
be inverted to express investment as a func- 
tion of q. (This indeed is the bad news noted 
above.) Thus, we cannot use estimates from 
such an equation to predict total investment, 
conditional on q. Despite this limitation, 
however, the q theory approach still proves 
of value if one's interest is to determine 
structural parameters governing the invest- 
ment process. 

I. The Model 

For the sake of simplicity in exposition, I 
assume the complete absence of personal or 
corporate taxes, and of debt finance. The 
results generalize to a model which includes 
those of Hayashi and Summers as special 
cases, however.2 

The first step in constructing the model is 
to integrate the firm's share value equi- 
librium condition 

(1) (p + ?rg)V= P+Div, 

from t = 0 to t = x, invoking a boundedness 
condition, to solve for the equilibrium value 
of shares outstanding at t = 0: 

00 
(2) V(O) = |i Div dt, 

where 

(3) p(t)=exp(- t(p+ rg)ds). 

Here and below all variables should be con- 
sidered time dependent unless otherwise 

2A version of this paper containing this extension is 
available from the author on request. 
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stated, although time arguments will be sup- 
pressed except where they are essential. We 
have V = aggregate nominal value of shares 
outstanding; p = exogenously given real rate 
of return on equity; 7Tg = exogenously given 
rate of change of general price level; Div = 
nominal dividends paid out, and a dot above 
a variable denotes a time derivative. 

At any moment of time, the firm receives a 
flow of cash from sales of output, and ex- 
pends cash on hiring variable factors and on 
investment, including adjustment costs. Any 
remaining cash flow is paid out as dividends, 
which are assumed always to be positive (or 
at least the nonnegativity constraint is ig- 
nored). I assume that output is a linear 
homogeneous function F(K, L) defined over 
the vector K= (K...,Km)T of stocks of 
m capital goods and the vector L = 
(LI,...,L)rT of flows of n variable factors. 
The price of output is Po, w = (w,..., w) is 
the vector of variable input prices, and p = 
(Pi,...,Pm) is the vector of capital goods 
prices, all in nominal terms. The stock of 
capital goodj evolves according to 

(4) Kj = Ij - j Kj 

where Ij is gross investment and Sj is the (not 
necessarily time invariant) proportional rate 
of depreciation. The firm incurs adjustment 
costs when undertaking investment, which is 
assumed to take the form either of lost out- 
put or of waste of the good being invested. 
Specifically, let F(I, K) be a linear homoge- 
neous adjustment cost function showing units 
of lost output when the vector of investment 
is I=(I,...,Im) and the stock of capital is 
K, and let %((Ij, Kj) be a linear homoge- 
neous adjustment cost function showing units 
of goodj lost from investment Ij given capital 
Kj. Both kinds of adjustment costs appear in 
the literature; presumably one or the other 
would be more appropriate in particular 
cases. Actually, still more general forms are 
conceivable, but consideration of them would 
not change the results of this paper. Here I 
shall carry both kinds of adjustment costs 
through most of the formal analysis, focusing 
later on one or the other special case as 
convenient. In addition to linear homogene- 
ity, the adjustment-cost functions are as- 

sumed to be twice continuously differen- 
tiable; the m X m matrix d2F/lIjdIj, is 
assumed positive definite; d241/81j2 is as- 
sumed positive; %j(0, Kj) = F(0,..., 0; K) = 
0; and (Ij, Ki) > 0 < F(I, K), for all I, K. 

Given these assumptions, we can write 

(5) Div= (po[F(K,L)-r(I, K)]-wL) 

- Ej[p Ij + p1(I, K j)], 

or, substituting into (2), 

(6) (0)= {Po [ F(K,L)- F(I,K)] 

- wL - j[ pjj + pj(Ij, K)] }dt. 

The firm's problem is to choose paths for 
L and I to maximize (6) subject to (4). Asso- 
ciating auxilary variables Aj with (4), we have 
the following necessary conditions for an 
optimum, letting subscripts on F, F, and ( 
denote partial derivatives: 

(7) poFLA-wk = 0, all k, t; 

(8) AXi -[ pF, j + (1 + 4)] u = 0, ally, t; 

(9) -A [O( -=FK rFK)-P(Kj -XjAj, 

allj, t; 

(10) liin XA(t)Kj(t) = 0, allj. 
t- *oo 

II. The Single Capital Good Case 

Let us first review the principal results of 
the q theory for the special case m =1. We 
begin by interpreting (8) as an equation de- 
termining the optimal I (dropping the capital 
good subscript) as a function of the shadow 
price of capital, A, and other variables. The 
problem with this equation is that it cannot 
be estimated as it stands, since X is un- 
observable. However, Hayashi proves that 

(11) X (0)K(0) =V(0), 

by a method of proof explained in the next 

VOL. 74 NO. 1 205 
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section. This equation says that the shadow 
value of the initial capital stock is equal to 
the current stock value of the firm. What is 
crucial about (11) is that it allows one to 
solve for X(O) and thus to rewrite (8) in a 
form more suitable for empirical application. 

Specifically, by the homogeneity of F, note 
that F(I,K)=KF(I/K,1)=Ky(I/K), so 
that F' = y' is the lost output per unit in- 
crease of investment. Similarly, one may de- 
fine 4(I/K) KO(I/K,1). Then, recalling 
that p is the price of the capital good, (poy' 
+ po')/p is the adjustment cost, in dollars, 
per dollar's worth of investment. Using (11) 
in (8), we have an equation for I/K; 

(12) [poy'(I/K)+ p '(I/K)]/p 

= V/pK -1 Q 
or 

(13) I/K= h(Q), 

where h(*) = [(pOy'(*)+ pO'(*))/p]1 and 
where Q is Tobin's q minus 1. 

The existence of the inverse defining h(-) 
in (13) is assured by the convexity of y and 
4. Thus, the rate of investment-or (multi- 
plying both sides of (13) by K) the level of 
investment-is an increasing function of Q. 
Depending on the form of the adjustment 
costs (i.e., whether they involve lost output, 
with P 0, or wasted investment goods, with 
r- 0), we can use (13) in a regression of 
I/K on Q to identify parameters characteriz- 
ing the adjustment cost technology, as in 
Summers and Hayashi. 

Notice that the crucial contribution of the 
q theory in the single capital good case is 
that it permits one to replace the unobserv- 
able shadow value X by V/K, from (11), 
which allows one to write the first-order con- 
dition for investment, (8), in a form that can 
be estimated.3 

III. The General Case 

A. Unobservability of the Shadow Values 
of Capital 

Let us return to the general many capital 
good case. From (8) one sees that each Ij 
depends on the own-shadow price Xi and, 
through the function I)j, on the amount of 
investment in other capital goods, as well as 
on various parameters. In fact, (8) can now 
be seen as a system in which the investment 
levels { I. } are all jointly determined by 
shadow values for all capital goods and by 
other parameters. Of course, this system can- 
not be used as it stands to estimate a system 
of investment equations because the X.-s are 
not observed. The natural question is whether 
the A.s can be eliminated, as in the single 
good case, by using the market's forward- 
looking valuation of capital as reflected in 
the stock value. 

We can proceed to answer this question by 
applying Hayashi's essential insight in the 
many-capital good case, and write, by (10), 

(14) 

j (0) Kj (0) =j X(0) Kj(0)- lim Aj (t) Kj (t) 

(XjK + xjkl) dt. 

Using (7), (8) and (9), we have 

(15) -X IK]-Xjkj = [PO( FKK]-F1Kj 

-rl j j)+ k( POFLK - Wk)Lk 

-pj'I - pj1( iJ + 4F K1)I 

3Hayashi and Summers stress the "observability" of 
average q (see the quotation in the opening discussion 
attributed to Hayashi, for example), and indeed (11) 
does appear to confirm that an unobservable shadow 
value can be expressed in terms of currently observable 
variables. Unfortunately, this is not possible in a world 
with taxes. As discussed in the unpublished version of 
this paper, a "tax-adjusted" Q of the sort used by 
Hayashi and Summers cannot be estimated without 

knowing the expected time path of all personal and 
corporate tax policy parameters (with the exception of 
the investment tax credit), and expected future tax policy 
is not directly observed. To get around this problem, 
Hayashi, Summers, and Salinger-Summers assume that 
agents held static expectations on tax policy parameters 
in every sample period, and on this basis they are able 
to compute Q-type variables which are then used in 
their regressions; unfortunately their estimates are thus 
dependent on the maintained hypothesis of static expec- 
tations. It is regrettable that the true observability of Q 
that obtains in the simple taxless world of this paper 
does not carry over to a world with taxes, for if a 
tax-adjusted Q really were observable it would be possi- 
ble (in a single capital good world) to estimate policy- 
invariant parameters of an investment equation. 
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At this point the derivation of the tax- 
adjusted Q breaks down. In the single 
capital-good case, homogeneity of F and F 
(application of Euler's theorem) allows one 
to use (6) and (14) to produce (11). By 
contrast, with many capital goods, integrat- 
ing and summing over j (using (6) and (14)) 
yields 

(16) 1i Aj (O) Kj (0), = V(O) . 

This equation, the many capital-good ana- 
logue of (11), has the same intuitive interpre- 
tation: the shadow value of the initial capital 
stock is equal to the current stock market 
value of the firm. However, there is also a 
fundamental difference between the two 
cases: whereas (11) allows one to estimate 
the single shadow value of capital from V(O) 
and K(O), (16) reveals that V(O) is an initial 
capital-weighted sum of the multiple shadow 
prices, Xj, and cannot be used to identify any 
one shadow price. In short, the many mar- 
ginal qs, represented by the Xis, cannot each 
be estimated by the one average q, rep- 
resented by V(O), confirming the intuitively 
obvious claim made in the introduction. 

B. Identification of Technological Parameters 

The above limitation certainly does not 
mean that a q-type variable cannot be useful 
for empirical work, however. Notice from (8) 
that (at t = 0) 

(17) ( po'7J + J) Kj = jKj -pjKj. 

Summing over j using (16), and defining the 
weights c = pjKj/pK, one has 

(18) z}(( poIF, + (DI, )/Pi wi 

= V/pK-1 = Q. 

Note the similarities and differences between 
(12) and (18). The latter is clearly a natural 
generalization of the former, with a q-type 
variable on the right and a marginal adjust- 
ment cost term on the left. In the case of 
(12), the left-hand side is simply the marginal 
adjustment cost per dollar's worth of invest- 
ment in the single capital good. In (18), the 

corresponding expression is a weighted sum 
of the marginal adjustment cost per dollar of 
investment for each of the m capital goods. 
The weights are simply the value share of 
each capital good in the firm's initial capital 
stock. 

If one had observations on individual I-s 
and Kjs, (18) could be used as the basis of an 
econometric model in which Q is regressed 
on the left-hand side variables, which are 
functions of the vector (I, K). Given a 
time-series for all relevant variables, one 
could estimate the parameters of the adjust- 
ment cost function(s), in either of the two 
specifications we have permitted (i.e., "lost 
output" or "lost capital"). 

As an example, one might suppose that 
adjustment costs take the form of wasted 
capital, and that each j is a quadratic: 

D%(.Ij, K ) = (aj/2)( j/K)2 , allj. 

Then, by (18), one has 

(19) Q = Ejajoj ( Ij/Kf ) 

which, if formulated as a linear regression 
model, would yield estimates of the parame- 
ters a.. It would of course be possible (and 
desiraile) to consider many other specifica- 
tions as well. 

C. Investment Equations 

As we have just seen, the q theory can be 
used to formulate equations for the estima- 
tion of adjustment cost parameters with many 
capital goods as well as with a single capital 
good. The parallel between the two cases is 
incomplete, however, because while (12) can 
be inverted to give the rate of investment as 
a function of Q, this is not possible in the 
many-good case. That is, the value of Q does 
not, in general, uniquely determine either the 
rate of investment in value terms, pI/pK, or 
the level of investment, pI. This conclusion is 
obvious from (18), since it is perfectly clear 
that the left-hand side is not, in general, 
equal to a monotonic function of pI/pK, as 
would be required for the derivation of the 
investment rate as a function of Q. 

To see this negative conclusion in a differ- 
ent way, let us suppose that such an invest- 
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ment equation can be written, and ask what 
restrictions on the model are implied thereby. 
It is convenient to start with the case where 
adjustment costs take the form of wasted 
capital (i.e., F = 0), since it is easier and 
more complete results are available. I hy- 
pothesize that 

(20) pI/pK =h(Q), 

where h'> 0, that is, the investment rate 
depends only on Q. Using (18), this is 
equivalent to 

(21) pI/pK= h(j J ( II/Ki) ) 

where I define (Ij/Kj) = j (Ij (/Kj,1). 
In general, any given total investment rate 

pI/pK can be the result of widely different 
levels of investment Ij in individual capital 
goods, depending on output prices, capital 
goods prices, variable factor prices, and ini- 
tial capital stock. If (21) is to obtain in all of 
these situations, then it should hold identi- 
cally in I, K, and p. Thus, differentiating 
with respect to Ii, we have (after cancellation 
of p /pK) 

(22) 1= h'()'(.),allj. 

This implies that '( *) = ( *.) for all j, j' 
and for all Ij, Ij,, which means that f'( *) = a, 
a constant independent of j, for all j. Using 
the fact that <%(0)=0 and 0( 0)>0, this 
condition can be integrated to yield 

(23) (rJ/K.) = (I/K)2, for allj; 
or 

(23') %(Ii, Ki) = alf/2Kj, allj. 

like (20) to hold. Note that this implies that 
the function h is just the adjustment cost 
parameter, a. 

This demonstration can be repeated, es- 
sentially intact, for the case where total 
investment pI is expressed as a function 
h(Q pK), Q being corrected by pK in order 
to provide the necessary homogeneity prop- 
erty. Beginning, then, with the analogue of 
(21), namely, 

(21') 

one derives (22) just as before. Thus: 

PROPOSITION 1: Suppose adjustment costs 
take the form of wasted capital goods. Then 
the total investment rate (or total investment) 
can be expressed as a function of Q (or QpK) 
if and only if each adjustment cost function is 
identical and quadratic. In addition, the total 
investment rate (or total investment) must be 
linear in Q (or in QpK). 

Now let us consider the case where adjust- 
ment costs take the form of lost output. We 
again suppose (20) holds for all values of I, 
K, and p, and use (18) to express this rela- 
tion as 

(24) pI/pK-h(Zjp0oF1j/pJ) =0. 

First, differentiating (24) with respect to pj, 
yields 

(25) pj,Ij,= [h(Q)-h'(Q)Q] pj,Kj. 

Summing over j' and using (20), we find that 

(26) h(Q) = h(Q)- h'(Q)Q, 

In other words, it is possible to write an 
investment equation like (20), such that the 
rate of total investment depends uniquely on 
Q, only if the adjustment cost functions are 
quadratic and identical. By the same token, 
it easily follows from (23) and (18) that 
Q = apI/pK in this case, so that the identi- 
cal quadratic specification is sufficient, as 
well as necessary, for an investment equation 

which cannot hold, given h'> 0. Thus, (20) 
cannot possibly be valid unless all capital 
good prices are fixed. To draw out the re- 
maining implications of (20), I now make 
this assumption: 

Then (20) holds if and only if (24) holds 
identically in (I, K). By the implicit function 
theorem, this can occur only if the derivative of 
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pI = h ( EZ pK), 
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pI/pK - h(Yj1p0(dF/Id)K1wJ/pJ) with re- 
spect to every Ij and K1, is zero. For if this 
condition is not met, it would be possible to 
solve for, say, I, in terms of (I2,..., I, K), 
which is to say that (24) would be valid only 
for some unique value of I,. Clearly this condi- 
tion that all 2m derivatives of the left-hand 
side of (24) be zero will not, in general, be met. 

The economic and mathematical content 
of this restriction are given in 

PROPOSITION 2: Suppose adjustment costs 
take the form of wasted output. Then the total 
investment rate can be written as a function of 
Q if and only if (a) the relative prices of all 
capital goods are fixed, and (b) the weighted 
average marginal adjustment cost per dollar's 
worth of investment in each capital good (where 
the weights are each good 's value share in the 
initial capital stock) must depend only on the 
rate of total investment independently of the 
composition of investment and of the initial 
capital stock. Condition (b) holds if and only if 
F(I, K) satisfies 

(27) 1jpoF11 ,, (/pipP, 

po01?,w pOrF, POFIJKJ,YJ 

pj pK pjl/ pK ' 

pI/pK 

for allj', j" = Im, m andfor all (I, K). 

The verbal statement of condition (b) in 
this result follows directly from the interpre- 
tation of Q given after equation (18). The 
formal statement of (b) in equation (27) fol- 
lows from differentiation of (24) with respect 
to each L, K,, setting every derivative equal 
to zero and eliminating h'. 

From its verbal statement alone it is evi- 
dent that not all adjustment cost functions 
meet condition (b). Similarly, (27) is a system 
of 2m -1 equations, none of which would 
necessarily be satisfied by a general linear 
homogeneous adjustment cost function. In- 
deed, the natural question to ask is whether 
any adjustment cost function can satisfy con- 
dition (b). Only for the class of additively 

separable functions have I been able to dis- 
cover a definitive answer to this question: 

COROLLARY: Suppose that adjustment costs 
take the form of lost output, that relative 
capital goods prices are fixed, and that the 
adjustment cost function is additively separable 
in Ij, Kj pairs: i.e., F(I, K) = E K(I,Kj). 
Then condition (b) of Proposition 2 is met if 
and only if each Fj is a quadratic in Ij/Kj such 
that the schedule POFi/pJ of adjustment costs 
per dollar's worth of investment is identicalfor 
all capital goods j, and h(Q) is linear. For- 
mally, (b) holds if and only if there is some 
constant a > 0 such that 

(28a) Fj(Ij, K) = (apj1/2p0)(I1/Kj)2 

(28b) h (Q) = Q/a. 

The proof of this result is easily patterned 
after the demonstration of Proposition 1, 
once it is realized that for fixed po and p, the 
additively separable F = EiT, is formally 
equivalent to the additively separable t)j 
functions considered in the "wasted capital" 
case. (It is easily checked that (28a) and 
(28b) satisfy (27), and conversely that (27) 
and additive separability imply (28a) and 
(28b).) 

Thus there is definitely one case, albeit a 
quite special one, in which the total invest- 
ment rate will be uniquely determined by 
tax-adjusted Q. Other similar special cases 
could presumably arise for F functions that 
are not additively separable. Any such F 
must, however, satisfy the 2m - 1 restrictions 
(27). The unambiguous conclusion must be, 
as stated earlier, that total investment in 
many capital goods is not, in general, 
uniquely determined by a q-type variable. 
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